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Abstract
We study hypermagnetic helicity and lepton asymmetry evolution
in plasma of the early Universe before the electroweak phase transi-
tion (EWPT) accounting for chirality flip processes via inverse Higgs
decays and sphaleron transitions which violate the left lepton num-
ber and wash out the baryon asymmetry of the Universe (BAU). In
the scenario where the right electron asymmetry supports the BAU
alone through the conservation law B/3 − LeR = const at tempera-
tures T > TRL ≃ 10 TeV the following universe cooling leads to the
production of a non-zero left lepton (electrons and neutrinos) asym-
metry. This is due to the Higgs decays becoming more faster when
entering the equilibrium at T = TRL with the universe expansion,
ΓRL ∼ T > H ∼ T 2 , resulting in the parallel evolution of both
the right and the left electron asymmetries at T < TRL through the
corresponding Abelian anomalies in SM in the presence of a seed hy-
permagnetic field. The hypermagnetic helicity evolution proceeds in
a self-consistent way with the lepton asymmetry growth. The role of
sphaleron transitions decreasing the left lepton number turns out to
be negligible in given scenario. The hypermagnetic helicity can be a
supply for the magnetic one in Higgs phase assuming a strong seed
hypermagnetic field in symmetric phase.
Keywords: hypermagnetic field, dynamo, leptogenesis, hypermag-
netic helicity
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1 Introduction
Magnetic helicity H =
∫
d3xA ·B where B is the magnetic field and A is its
vector potential is an inviscid invariant of motion in contemporary Universe.
The corresponding conservation law dH/dt = 0 severely constrains magnetic
field generation by dynamo process and its further evolution (see e.g. [1]).
Conventional models of magnetic field evolution in celestial bodies presume
that an initial supply of magnetic helicity in the body was negligible and
further magnetic field evolution and large-scale magnetic field formation have
to redistribute somehow magnetic helicity between large-scale and small-scale
fields in order to keep total magnetic helicity vanishing. This viewpoint looks
as a reasonable approach, however, the whole truth may be more complicated
because the seed magnetic field can be substantial and helical. Possible
influence of initial magnetic helicity supply on the further magnetic hystory
of a celestial body remains practically untouched by contemporary MHD
studies.
The problem is relevant in particular for the first celestial bodies in the
Universe (large-scale structure of the Universe, quasars, first galaxies). The
point is that the seed magnetic fields for the first objects in the Universe
may be originated in cosmological magnetic fields obtained from the Early
Universe just after the Big Bang[2]. A conventional viewpoint is that the
Early Universe did contain a magnetic field. The option that this cosmo-
logical magnetic field was a helical one looks attractive because magnetic
helicity is not an inviscid invariant of motion in the very hot cosmological
plasma and its generation in such plasma may be expected. More precisely,
magnetic field as well as magnetic helicity governed by standard Maxwell
equations in contemporary Universe might be originated from their progen-
itors such as hypermagnetic field and hypermagnetic helicity evolved in the
symmetric phase of electroweak plasma before the electroweak phase tran-
sition (EWPT). In contrast to the magnetic helicity, hypermagnetic helicity
is not an inviscid invariant of motion and its growth at the early stages of
evolution of the Universe is not directly constrained by conservation laws.
The first observational indications of the presence of cosmological mag-
netic fields in the inter-galactic medium which may survive even till the
present epoch [4, 5] were as a new incitement to the conception of cosmolog-
ical magnetic field and helicity.
Relying on the option of the hypermagnetic (magnetic) field evolution
passing the EWPT time we reveal here the magnetic helicity generation in
the early universe. This opens a new option that magnetic field starts from a
state with a substantial supply of magnetic helicity. Note that our approach is
based on the αY -helicity parameter derived as a polarization effect in plasma
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from the Chern-Simons anomaly in effective Lagrangian for the hypercharge
field Yµ [6, 7, 8]. The conversion of the hypermagnetic helicity into the
magnetic one during EWPT has been already considered in [9].
In the recent work [10] authors have already studied evolution of the
hypermagnetic helicity density hY (t) = HY (t)/V neglecting hypermagnetic
diffusion term that is proportional to the diffusion parameter ηY = (σcond)
−1
where σcond = 100 T is the hot plasma conductivity. Since both the helicity
parameter αY and the diffusion one are inverse proportional to such con-
ductivity the limit σcond → ∞ for an ideal plasma is forbidden. Retaining
αY -term while neglecting the diffusion term authors [10] relied on huge scales
of hypermagnetic field surely surviving diffusion that looks as a too rough
approximation. To avoid such approximation in the present work we consider
the case of arbitrary scale of hypermagnetic field.
Note that our approach resembles the analysis of magnetic helicity evolu-
tion in the Fourier representation applied in paper [11] for Maxwellian mag-
netic fields evolved from the hypermagnetic ones at the stage after EWPT
(see below in Section 2). The non-zero polarization operator in SM plasma
based on different chemical potentials of left and right fermions, µL 6= µR,
leads to instability in QED plus Fermi theory and corresponding generation
of a large-scale Maxwellian field [12]. We try here to determine how large
such difference can be developed for leptons ∆µ = µeR − µeL 6= 0 before
EWPT.
As a first step for the hypermagnetic helicity evolution we consider here
the hot universe plasma before EWPT at the stage TRL > T > TEW , when
left leptons in the SM doublet L = (νeLeL)
T enter equilibrium with right
electrons eR due to inverse Higgs decays like eRe¯L → ϕ(0), eRν¯eL → ϕ(−).
This happens during universe cooling just at the temperature TRL ∼ 10 TeV
when the rate of chirality flip ΓRL ∼ T becomes bigger than the Hubble
expansion H ∼ T 2, ΓRL ≥ H . This leads to an additional polarization
effect given by left lepton macroscopic currents in a seed hypermagnetic field
BY , J
(e)
i5 =< ψ¯eLγiγ5ψeL >∼ µeLBYi , J (ν)i5 =< ν¯eLγiγ5νeL >∼ µeLBYi , where
electron chemical potential µeL coincides with the neutrino one, µeL = µνeL.
Accounting for the evolution of the left lepton asymmetry (neL − ne¯L) ∼
µeL(t) at temperatures TEW < T < TRL given by the left electron chemical
potential µeL(t) 6= 0 which evolves due to the Abelian anomaly and undergoes
sphaleron influence, we extend also scenario [10, 7] based on the leptogenesis
due to evolution of the right electron asymmetry (neR − ne¯R) ∼ µeR(t) 6= 0
alone in the same hypermagnetic fields BY 6= 0.
The goal of the present work is a complete description of hypermagnetic
helicity density evolution hY (t) =
∫
dkhY (k, t) down to the EWPT time
accounting for the hypermagnetic diffusion both for a monochromatic and
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continuous spectra of the helicity density hY (k, t).
The plan of our paper is the following. In section 2 we derive the kinetic
equation for the hypermagnetic density spectrum in the Fourier representa-
tion using conformal variables. Such spectrum depends on the lepton asym-
metries which evolve in a self-consistent way in the same hypermagnetic field
as discussed in the subsection 2.1. Then in main Section 3 we solve numeri-
cally non-linear kinetic equations for lepton asymmetries for the simple case
of the fully helical field hY (k, t) = 2ρBY (k, t)/k when the hypermagnetic en-
ergy density ρBY (t) evolves itself through µeR(t) and µeL(t). In Section 4 we
consider the continuous initial spectrum of the helicity density taking into
account the inverse cascade in spectra that increases the scale of hypermag-
netic fields, k−1 →∞, while diminishes their amplitudes and helicity density
itself. Then in Section 5 we discuss our results comparing them with known
results in literature. In Appendix A we present a more general system of
evolution equations for an arbitrary helicity density spectrum obeying the
known limit hY (k, t) ≤ 2ρBY (k, t)/k [13].
2 Hypermagnetic helicity before EWPT
In the rest frame of the medium as a whole the Faraday induction equation
governing hypermagnetic fields BY = ∇×Y reads 4
∂BY
∂t
= ∇× αYBY + ηY∇2BY , (1)
where at the temperatures TRL > T > TEW the hypermagnetic helicity
coefficient αY is given by the right and left electron chemical potentials µeR,
µeL [14, 15]
5,
αY (T ) = +
g
′2(µeR + µeL/2)
4pi2σcond
, (2)
and ηY = (σcond)
−1 is the hypermagnetic diffusion coefficient, σcond(T ) ≃
100T is the hot plasma conductivity. Let us stress that αY -effect in Faraday
equation (1) arises due to Abelian anomalies for right and left electron (neu-
trino) currents both nonpersistent in the presence of a hypercharge field Yµ at
4Throughout the text we have neglected the bulk velocity evolution described by the
Navier-Stokes equation since the length scale of the velocity variation λv is much shorter
than the correlation distance of the hypermagnetic field, λv ≪ k−1, or infrared modes of
the hypermagnetic field are practically unaffected by the velocity of plasma. In addition,
the bulk velocity v does not contribute to the helicity evolution dhY /dt ∼ (EY ·BY ) when
the generalized Ohm law is substituted, EY = −v ×BY + ηY∇×BY − αYBY .
5The sign for αY and γ5 is opposite to the sign chosen in [7, 6] and coincides here with
the definitions in [16] where ψR = (1+ γ5)ψ is the right fermion field. See also in [14, 15].
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the temperatures T < TRL. Multiplying Eq. (1) by the corresponding vector
potential and adding the analogous construction produced by evolution equa-
tion governing the vector potential (multiplied by hypermagnetic field) after
integration over space we get the evolution equation for the hypermagnetic
helicity HY =
∫
d3xY ·BY :
dHY
dt
= −2
∫
V
(EY ·BY )d3x−
∮
[Y0BY + EY ×Y]d2S =
= −2ηY (t)
∫
d3x(∇×BY ) ·BY + 2αY (t)
∫
d3xB2Y (t). (3)
For the single symmetric phase before EWPT we have just omitted in
the last line in (3) the surface integral
∮
(...) since hypercharge fields vanish
at infinity. However, such surface integral can be important at the bound-
aries of different phases during EWPT, T ∼ TEW . In paper [9] authors had
studied how the hypermagnetic helicity flux penetrates such surface sepa-
rating symmetric and broken phases and how hypermagnetic helicity density
hY = BYY converts into the magnetic helicity density h = BA at the EWPT
time.
Note that the evolution equation (3) is similar to Eq. (7) in paper [17]
derived in SM for times after EWPT, T ≪ TEW . The authors used there the
Fermi point-like (short-ranged) neutrino interaction with plasma mediated by
heavy W,Z-bosons instead of long-ranged interaction through the massless
hypercharge field Yµ at times much above the EWPT temperature TEW ,
T ≫ TEW . As a result the coefficents η, ηY and α, αY have different forms
in [17, 18] and in papers [7, 10].
Let us change physical variables to the conformal ones using the conformal
time η = M0/T , M0 = MP l/1.66
√
g∗, where MP l = 1.2 × 1019 GeV is the
Plank mass, g∗ = 106.75 is the effective number of relativistic degrees of
freedom.
In FRW metric ds2 = a2(η)(dη2 − dx˜2) using definitions a = T−1, a0 =
1 at the present temperature Tnow, dη = dt/a(t) , we input the following
notations: k˜ = ka = const is the conformal momentum (giving a red shift
for the physical one, k ∼ T = Tnow(1 + z)); ξa(η) = aµa = µa/T is the
dimensionless fermion asymmetry changing over time; B˜Y = a
2BY , Y˜ =
aY are the conformal dimensionless counterparts of hypermagnetic field and
hypercharge potential correspondingly.
It is suitable to rewrite (3) using the conformal coordinate x˜ = x/a for
the Fourier components of the helicity density 6, h˜Y (η) ≡
∫
(Y˜ · B˜Y )d3x/V =
6Note that exponents eikx = eik˜x˜ coincide in Fourier integrals both in usual variables
and in the conformal ones.
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∫
dk˜h˜Y (k˜, η), and the hypermagnetic energy density ρ˜BY (η) = B˜
2
Y (η)/2 =∫
dk˜ρ˜BY (k˜, η) defined as their spectra:
h˜Y (k˜, η) =
k˜2a3
2pi2V
Y˜(k˜, η) · B˜∗Y (k˜, η),
ρ˜BY (k˜, η) =
k˜2a3
4pi2V
B˜(k˜, η) · B˜∗Y (k˜, η) . (4)
This allows us to calculate integrals
∫
d3x(...)/V in (3) and results in7
dh˜Y (k˜, η)
dη
= −2k˜
2h˜Y (k˜, η)
σc
+
(
2α
′
[ξeR(η) + ξeL(η)/2]k˜
piσc
)
h˜Y (k˜, η), (5)
where α
′
= g
′2/4pi is given by the SM coupling, σc = σconda = σcond/T ≈ 100
is the dimensionless plasma conductivity; ξeR(η) = µeR(T )/T and ξeL(η) =
µeL(T )/T are the right and left electron asymmetry correspondingly. Note
that in (5) we substituted the hypermagnetic energy density ρ˜BY (t) = B˜
2
Y (t)/2
for the maximum helical hypermagnetic field ρ˜BY (k˜, η) = k˜h˜Y (k˜, η)/2 given
by Eq. (4). Such choice of the fully helical hypercharge field allows to get
the simple differential Eq. (5) and provides an efficient inverse cascade for
turbulent Maxwellian magnetic fields evolved after EWPT from hypercharge
fields considered here.
As an example of such field which is not applied here while it obeys
the gauge ∇ · Y = 0, Y0 = 0, one can mention the Chern-Simons wave
Y = Y (t)(sin k0z, cosk0z, 0) for which the hypermagnetic field BY = ∇×Y =
k0Y has a non-trivial topology being the maximum helical field. Indeed, its
helicity density hY = YBY = k0Y
2(t) is connected with the energy density
ρBY = B
2
Y /2 = k
2
0Y
2(t)/2 exactly through the relation k0hY /2 = ρBY .
The solution of Eq. (5) takes the form (compare Eq. (8) in [11]):
h˜Y (k˜, η) = h˜
(0)
Y (k˜, η0) exp
(
2k˜
σc
[
α
′
pi
∫ η
η0
(
ξeR(η
′
) +
ξeL(η
′
)
2
)
dη
′ − k˜(η − η0)
])
.
(6)
The spectrum of the dimensionless helicity density h˜Y (k˜, η) = a
3hY (k˜, η) can
be rewritten in compact form as
h˜Y (k˜, η) ≡ hY (k˜, η)
T 3
= h˜
(0)
Y (k˜, η0) exp
[
A(η)k˜ − B(η)k˜2
]
, (7)
7In standard dimensional notations hY (η) and hY (k˜, η) are measured in units G
2cm
or M4L = M3 = L−3 that is given by the volume V in (4) accounting for the relation
h˜Y (k˜, η) = a
3hY (k˜, η).
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where the initial spectrum h˜
(0)
Y (k˜, η0) = hY (k˜, η0)/T
3
0 corresponds in our sce-
nario to the moment of the left asymmetry appearance at T0 = TRL, and we
used notations taken from (6)
A(η) =
2α
′
piσc
∫ η
η0
(
ξeR(η
′
) +
ξeL(η
′
)
2
)
dη
′
, B(η) =
2
σc
(η − η0). (8)
Neglecting quantum effect given by Abelian anomalies (case α
′
= 0) and
in the absence of hypermagnetic diffusion (when both dynamical effects van-
ish in ideal plasma limit, σc →∞) we get from (7) the standard conservation
of the helicity density dh˜Y /dη = 0, h˜Y = const, with the conformal scaling
hY (η) = (η0/η)
3hY (η0).
To calculate the helicity density spectrum (7) we should find the lepton
asymmetry functions ξeR(η), ξeL(η) developing in a self-consistent way.
2.1 Evolution of lepton asymmetries
For simplicity we consider inverse Higgs decays only or we neglect the Higgs
boson asymmetry, µ0 = 0. The system of kinetic equations for leptons ac-
counting for Abelian anomalies for right electrons and left electrons (neutri-
nos), inverse Higgs decays and sphaleron transitions as well, takes the form:
dLeR
dt
=
g′2
4pi2s
(EY ·BY) + 2ΓRL {LeL − LeR} ,
dLeL
dt
= − g
′2
16pi2s
(EY ·BY) + ΓRL {LeR − LeL} −
(
ΓsphT
2
)
LeL . (9)
Here Lb = (nb − nb¯)/s ≈ T 3ξb/6s is the lepton number, b = eR, eL, νLe ,
s = 2pi2g∗T 3/45 is the entropy density, and g∗ = 106.75 is the number
of relativistic degrees of freedom. The factor=2 in the first line takes into
account the equivalent reaction branches, eRe¯L → ϕ˜(0) and eRν¯eL → ϕ(−);
ΓRL is the chirality flip rate. Of course, for the left doublet L
T
e = (νeL, eL)
kinetic equation for neutrino number is excess because LeL = LνLe . Then
Γsph = Cα
5
W = C(3.2 × 10−8) is the dimensionless probability of sphaleron
transitions decreasing the left lepton numbers and therefore washing out
baryon asymmetry of universe (BAU). It is given by the SU(2)W constant
αW = g
2/4pi = 1/137 sin2 θW = 3.17 × 10−2 where g = e/ sin θW is the
gauge coupling in SM and the constant C ≃ 25 is estimated through lattice
calculations (see, e.g., the chapter 11 in the book [19]).
In conformal variables after integration of the system (9) over volume∫
d3x(...)/V , transferring to the Fourier components for hypercharge fields
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the kinetic equations (9) take the form
dξeR(η)
dη
= −3α
′
pi
∫
dk˜
dh˜Y (k˜, η)
dη
− Γ
[
ξeR(η)− ξeL(η)
]
, (10)
dξeL(η)
dη
= +
3α
′
4pi
∫
dk˜
dh˜Y (k˜, η)
dη
− Γ(η)
2
[
ξeL(η)− ξeR(η)
]
− Γsph
2
ξeL(η), (11)
where
Γ(η) =
(
242
ηEW
)[
1−
(
η
ηEW
)2]
, ηRL < η < ηEW (12)
is the dimensionless chirality flip rate Γ = 2aΓRL [14, 20] , ηEW =M0/TEW =
7 × 1015 is the EWPT time at TEW = 100 GeV . The derivative in the
integrands of first terms in (10), (11), dh˜Y (k˜, η)/dη, is given by Eq. (5)
where in the right hand side we should substitute h˜Y (k˜, η) taken from Eq.
(7).
We choose the following initial conditions at the time η0 = ηRL = 7×1013
that corresponds to the temperature TRL = 10 TeV :
ξeL(η0) = 0, ξeR(η0) = 10
−10. (13)
In subsection 3.2.1 we discuss also the case of a large initial lepton asymmetry,
ξeR(η0) = 10
−4, that is a free parameter in our problem.
The solution of the system (10) and (11) allows us to calculate the evolu-
tion of hypermagnetic helicity density (7) for the two cases considered below:
a) monochromatic helicity density spectrum
h˜Y (k˜, η) = h˜Y (η)δ(k˜ − k˜0), (14)
and b) for the continuous initial spectrum h˜Y (k˜, η0) ∼ k˜ns , ns ≥ 3. Here
the initial helicity density amplitude for the monochromatic spectrum (14)
h˜Y (η0) = (B˜
Y
0 )
2/k˜0 is given by a seed field B˜
Y
0 . There are the two free
parameters in our problem: a) a seed hypermagnetic field B˜Y0 at the initial
temperature T0 = TRL = 10 TeV and b) a value of the initial right electron
asymmetry ξeR(η0) 6= 0 in the chosen scenario [14, 15]. We choose throughout
text the initial hypermagnetic energy density ρ˜
(0)
BY
= 10−8 that corresponds
to a strong seed field BY0 = 10
−4
√
2T 20 ∼ 1024 G. Note that such field does
not influence the Friedman law of the Universe expansion, ρBY ≪ ργ ∼ T 4.
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3 Lepton asymmetry and helicity evolution
in monochromatic hypermagnetic field
In this section we study evolution of lepton asymmetries for a maximum
helical hypermagnetic field in the case of monochromatic helicity spectrum
(14).
3.1 Saturation regime for the monochromatic spec-
trum (14)
Let us rewrite kinetic equations for asymmetries (10), (11) accounting for
the helicity evolution (5):
dξeL(η)
dη
= − 3α
′
piσc
∫
dk˜
k˜2h˜Y (k˜, η)
2
+
3α
′2
pi2σc
ρ˜BY (η)
(
ξeR +
ξeL
2
)
−Γ
2
(ξeL − ξeR)− Γsph
2
ξeL(η),
dξeR(η)
dη
=
12α
′
piσc
∫
dk˜
k˜2h˜Y (k˜, η)
2
− 12α
′2
pi2σc
ρ˜BY (η)
(
ξeR +
ξeL
2
)
−Γ(ξeR − ξeL).
(15)
Here in the second term (∼ ρ˜BY = B˜2/2 = B2a4/2) we used the rela-
tion for the maximum helical field k˜h˜(k˜, η) = 2ρ˜BY (k˜, η) and definition of
the total dimensionless energy density ρ˜BY (η) =
∫
dk˜ρ˜BY (k˜, η). For the
monochromatic field and its helicity (14), for which the relation ρ˜BY (k˜, η) =
k˜h˜Y (η)δ(k˜−k˜0)/2 = ρ˜BY (η)δ(k˜−k˜0) allows to calculate integral in first terms
in the r.h.s. (15), we obtain simple differential equations
dξeL(η)
dη
=
[
−3α
′
k˜0
piσc
+
3α
′2
pi2σc
(
ξeR +
ξeL
2
)]
ρ˜BY (η)
−Γ
2
(ξeL − ξeR)− Γsph
2
ξeL(η),
dξeR(η)
dη
=
[
12α
′
k˜0
piσc
− 12α
′2
pi2σc
(
ξeR +
ξeL
2
)]
ρ˜BY (η)− Γ(ξeR − ξeL).
(16)
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Multiplying the first equation by the factor 4, then adding both equations
one gets for the saturation regime ∂ηξeR = ∂ηξeL ≈ 0 the asymmetry relation
ξeL =
ΓξeR
Γ + 2Γsph
≪ ξeR, (17)
where Γsph ≫ Γ.
3.1.1 Evolution to saturation for monochromatic helicity density
Let us rewrite kinetic equations for ξeR(η), ξeL(η) (16) as coupled evolution
equations for the difference ∆ξe = ξeR − ξeL and the sum Ξe = ξeR + ξeL/2:
d∆ξe(η)
dη
= −15α
′2ρ˜BY (η)
pi2σc
[
Ξe(η)− Ξ(satur)e
]
−
[
3Γ(η)
2
+
Γsph
3
]
∆ξe(η) +
Γsph
3
Ξe(η),
dΞe(η)
dη
= −21α
′2ρ˜BY (η)
2pi2σc
[
Ξe(η)− Ξ(satur)e
]
−
[
3
4
Γ(η)− Γsph
6
]
∆ξe(η)− Γsph
6
Ξe(η), (18)
where for the single mode (14) the saturation sum of asymmetries Ξ
(satur)
e is
given by the constant value coming from (6) when exponential amplification
ceases, e0 = 1:
Ξ(satur)e =
4pi2k˜0
g′2
. (19)
The system (18) is completed by the hypermagnetic energy evolution
dρ˜BY (η)
dη
=
ρ˜BY (η)
ησ
[
Ξe(η)
Ξ
(satur)
e
− 1
]
, (20)
derived from the relation for the maximum helical field and substituting Eq.
(5) into
dρ˜BY (η)
dη
=
1
2
∫
k˜dk˜δ(k˜ − k˜0)dh˜Y (η)
dη
.
Here ησ = σc/2k˜
2
0 is the conformal diffusion time.
The simple solution of Eq. (20)
ρ˜BY (η) = ρ˜
(0)
BY
exp
(
1
ησ
∫ η
η0
[
Ξe(η
′
)
Ξ
(satur)
e
− 1
]
dη
′
)
(21)
is consistent with what follows from the dynamo approach (see just below).
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3.1.2 Relation with dynamo for monochromatic spectrum
Note that the energy density ρ˜BY (η) = B˜
2
Y (η)/2 given by the solution (6) for
helicity,
ρ˜BY (η) =
1
2
∫
k˜dk˜h˜Y (η)δ(k˜ − k˜0) = h˜
(0)
Y k˜0
2
×
× exp
(
2k˜0
σc
[
α
′
pi
∫ η
η0
Ξe(η
′
)dη
′ − k˜0(η − η0)
])
=
=
h˜
(0)
Y k˜0
2
exp
(
1
ησ
∫ η
η0
[
Ξe(η
′
)
Ξ
(satur)
e
− 1
]
dη
′
)
, (22)
is consistent with our old dynamo formula for BY (t) [14, 23, 21, 22] given by
B˜Y (k0, t) = B˜
Y
0 exp
(∫ t
t0
[
αY (t
′
)k0a− k
2
0a
2
σconda
]
dt
′
a
)
= B˜Y0 exp
(
k˜0
σc
[
α
′
pi
∫ η
η0
Ξe(η
′
)dη
′ − k˜0(η − η0)
])
= B˜Y0 exp
(
1
2ησ
∫ η
η0
[
Ξe(η
′
)
Ξ
(satur)
e
− 1
]
dη
′
)
, (23)
where B˜(η) = a2B(η), ηY = (σcond)
−1, and relations k0a = k˜0, dη
′
= dt
′
/a,
σconda = σc = 100 were substituted. Here relations
(B˜Y0 )
2 = k˜0h˜
(0)
Y = k˜0Y˜0B˜
Y
0 = 2ρ˜
(0)
BY
(24)
correspond to the maximum helical field at the initial time η0.
3.2 Solution of kinetic equations for monochromatic
spectrum (14)
In the left panel in Fig. 1, and in Fig. 2 we show solutions of kinetic
equations (10),(11) for the right electron asymmetry ξeR(η) and the left one,
ξeL(η), obeying the initial conditions (13) and evolving in hypermagnetic
fields which are fully helical. One can see in the left panel in Fig. 1 a
sharp growth of the right electron asymmetry due to the Abelian anomaly
starting from the initial value ξeR(η0) = 10
−10 chosen at the level of baryon
asymmetry at T0 = TRL = 10 TeV (compare in [15]).
On the other hand, one can choose a bigger value of the initial lepton
asymmetry, let us say, ξeR(η0) ≃ 10−4. In particular, from the considerations
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Figure 1: The evolution of the right electron asymmetry ξeR(η) for the
monohromatic spectrum (14). In the left panel: the asymmetry growth for
the initial value ξeR(η0) = 10
−10; in the right panel: the asymmetry decay
for the big initial value ξeR(η0) = 10
−4. For the wave number k˜0 = 10
−6 it is
shown by the red line, for k˜0 = 10
−7 by the green line and for k˜0 = 10
−9 by
the blue line.
in νMSM -model [24] one expects that the lepton asymmetry prevails over
the baryon one, ∆L/∆B ≥ 3×105, or it occurs at the level ∼ 10−4. Although
the required in [24] lepton asymmetry must exist at temperatures O(1) GeV ,
or in the Higgs phase after EWPT, we may assume such lepton asymmetry
existing in symmetric phase too. In this case we can find oppositely to profiles
shown in the left panels in Fig.1 and Fig.4 a decrease of the lepton asymmetry
shown in the right panel in Fig.1 in parallel with the initial growth of the
hypermagnetic helicity, dh˜Y /dη > 0, ended by its decay due to hypermagnetic
diffusion, dh˜Y /dη < 0, shown in the right panel in Fig.4 for the mode k˜0 =
10−8.
One can see comparing left and right panels in Fig. 1 that the saturation
level ξeR ≈ Ξ(satur)e remains the same one for the same wave numbers. Such
independence of ξeR(η) for η ≫ η0 on an initial ξeR(η0) stems from the
analytic solution of the linear differential equation in the second line (16):
dξeR
dη
+ (Γ + ΓBY ) ξeR = Q, (25)
where we neglected ξeL(η) ≈ 0 decoupling both equations (16) since ξeL ≪
ξeR, put Q = 6α
′
k˜0B˜
2
Y (η)/piσc ≈ constant, ΓBY = 6α′2B˜2Y (η)/pi2σc ≈ C2
when B˜Y (η) ≈ C3 because hypermagnetic field is almost frozen in plasma,
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BY = C3T
2. Then for η ≫ η0 when ΓBY ηEW ≫ 1 we find from (25):
ξeR(η) = ξeR(η0)e
−(Γ+ΓBY )(η−η0) +
Q
Γ + ΓBY
[
1− e−(Γ+ΓBY )(η−η0)] ≈
≈ Q
Γ + ΓBY
≃ Q
ΓBY
= Ξ(satur)e , (26)
where at the last step in (26) we consider the case of strong hypermagnetic
fields, ΓBY ≫ Γ, for which the ratio Q/ΓBY does not depend on a value BY
and equals to the lepton asymmetry saturation in Eq. (19), Ξ
(satur)
e = pik˜0/α
′
,
seen in both panels. This allows us to identify similar asymptotics of ξeR(η)
for the different initial conditions ξeR(η0) = 10
−10 and ξeR(η0) = 10
−4.
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Figure 2: The evolution of the left electron asymmetry ξeL(η) for the
monohromatic spectrum (14). For the wave number k˜0 = 10
−6 it is shown
by the red line, for k˜0 = 10
−7 by the green line and for k˜0 = 10
−9 by the blue
line.
In Fig. 2 one finds a negligible growth of the left lepton asymmetry ξeL(η)
(starting from ξeL(η0) = 0) which remains at a small level near the EWPT
time, ξeL ≪ ξeR, in accordance with the estimate (17) due to the asymmetry
saturation, ∂tξeL,eR ≈ 0. Note that from the beginning at T ∼ T0 near
ξeL ≈ 0 sphaleron transitions are not efficient. As a result ξeL(η) becomes
even negative due to the negative sign of the Abelian anomaly contribution
in the second kinetic Eq. (9). One can see that the corresponding negative
diffusion term within brackets in the first equation in (16) is the main one,
especially, for larger wave number ∼ k˜0 = 10−6, see negative spike in Fig. 2.
Then for a negative ξeL < 0 the positive term ∼ −ΓsphξeL in (16) sharply
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Figure 3: The chiral asymmetry parameter ∆ξe(η) = ξeR−ξeL in logarithmic
scale for monochromatic helicity spectrum (14). For the wave number k˜0 =
10−6 it is shown by the red line, for k˜0 = 10
−7 by the green line and for
k˜0 = 10
−9 by the blue line.
changes the sign of the derivative, dξeL/dη > 0, and the left lepton asymmetry
becomes positive itself, ξeL > 0. Following regime of saturation for ξeL > 0
due to ∼ dh˜Y /dη ≈ 0 (within brackets in (16)) is slightly violated by a
negative sphaleron influence the left fermion number near the EWPT time
η ∼ ηEW ,dξeL/dη < 0.
In Fig. 3 we plot the evolution of the difference ∆ξe(η) = ξeR(η)− ξeL(η)
which is the important initial parameter for a chiral magnetic effect after
EWPT, ∆µ(ηEW )/T ≡ ∆ξe(ηEW ) [11, 25]. We confirm, e.g., the growth
of the chiral anomaly parameter yR − yL = 104∆ξe found in paper [15] for
the particular case of the Chern-Simons wave up to the value of the order
0.1÷ 1.0 for large wave numbers k˜0 = 10−7 ÷ 10−6.
3.2.1 Hypermagnetic helicity evolution for modes k˜0 = const
We find from Eq. (7) the evolution of the dimensionless hypermagnetic
helicity density h ≡ h˜Y (k˜0, η) = hY (k˜0, η)/T 3 plotted in Fig.4 . One can
see a decrease of the helicity density mode for the largest wave number k˜0 =
10−6. Furthermore, the longer wave length k˜−10 is considered the less diffusion
influences: helicity density is almost constant. In the left panel in Fig.4 we
plotted along y-axis lgh˜Y(η) = lgh˜Y(η0) + A(η)k˜0 − B(η)k˜20, where A(η),
B(η) are given by Eq. (8). The initial helicity value seen in the left panel in
Fig.4, lgh˜Y(η0) = lg[(B˜
Y
0 )
2/k˜0], is given by a fully helical hypermagnetic field
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Figure 4: The helicity density modes h˜Y (η) for the monochromatic helicity
spectrum (14). In the left panel: h˜Y (η) for the initial asymmetry ξeR(η0) =
10−10. For the wave number k˜0 = 10
−6 evolution is shown by the red line, for
k˜0 = 10
−7 by the green line and for k˜0 = 10
−9 by the blue line. In the right
panel: the evolution of the normalized helicity density h˜Y (η)/h˜(η0) for the
monochromatic spectrum (14) and the big initial lepton asymmetry value
ξeR(η0) = 10
−4. For the wave number k˜0 = 10
−8 it is shown by the red line,
for k˜0 = 10
−9 by the green line and for k˜0 = 10
−10 by the blue line.
with its initial value squared (B˜Y0 )
2 = 2 × 10−8 fixed throughout text. The
different initial values h˜Y (η0) = (B˜
Y
0 )
2/k˜0 are bigger for a smaller mode k˜0 if
the seed field B˜Y0 = const is fixed. In the right panel in Fig.4 we plotted other
curves having a different dependence of the normalized helicity h˜Y (η)/h˜Y (η0)
on time η calculated for ξeR(η0) = 10
−4. For k˜0 = 10
−7 the initial growth of
helicity density is too big to be placed in the right panel while the following
decay even sharper than shown here for k˜0 = 10
−8.
For the case ξeR(η0) = 10
−4 the profiles of our chiral parameter ∆ξe and
the helicity density hY are similar to the analogous ∆µ/T and Hk curves for
Maxwellian magnetic fields in [11].
Notice that the sign of the helicity density (6) is positive since the initial
value h˜Y (η0) > 0 when k˜0 > 0. The latter sign, k˜0 > 0, is chosen to avoid the
decay of the magnetic field (23) and its energy at any | k˜0 | (compare after
Eq. (9) in [26]).
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4 Continuous helicity spectrum
Let us denote the helicity density h˜Y (η) =
∫
dk˜h˜(k˜, η) as the dimensionless
integral over the whole Fourier spectrum h˜Y (η) =
∫ k˜max
0
dk˜h˜(k˜, η). Here we
have extrapolated the lower limit which for k˜ → 0 violates the causal lower
limit, k˜ > k˜min = l˜
−1
H , where lH is the horizon size and l˜
−1
H = 10
−16 at
T = TEW . The helicity density h˜Y (η) can be found from the evolution of
helicity density in Eq. (6):
h˜Y (η) =
∫ k˜max
0
h˜
(0)
Y (k˜, η0) exp
[
1
ησΞsatur(k˜)
∫ η
η0
(
Ξe(η
′
)− Ξsat(k˜)
)
dη
′
]
dk˜.
(27)
The function Ξsat(k˜) = pik˜/α
′ ≡ 4pi2k˜/g′2 corresponds to the saturation level
of the combined lepton asymmetry Ξe = ξeR + ξeL/2 for the current wave
number k˜ . For the continuous spectrum
h˜Y (k˜, η0) = Ck˜
ns (28)
we have calculated the helicity density (27) as
h˜Y (η) = C
∫ k˜max
0
k˜ns exp
[
A(η)k˜ − B(η)k˜2
]
dk˜ = CIns(η). (29)
Here the functions A(η), B(η) are given by Eq. (8). The constant C
can be estimated using the relation for the fully helical field, h˜Y (k˜, η0) =
Ck˜ns = 2ρ˜BY (k˜, η0)/k˜. Using definition of the initial hypermagnetic energy∫
dk˜ρ˜BY (k˜, η0) = (B˜
Y
0 )
2/2 one obtains the relation
C
∫ k˜max
0
k˜ns+1dk˜ = (B˜Y0 )
2 = 2ρ˜
(0)
Y = 2× 10−8
for a finite seed field chosen above. Then we vary the maximum mode k˜max
given by hypermagnetic diffusion. Thus, we define the constant above C =
(ns + 2)(B˜
Y
0 )
2/(k˜max)
ns+2.
For the continuous initial spectrum (28) we can rewrite the kinetic equa-
tions for lepton asymmetries (10), (11) as
dξeR
dη
=
6α
′
C
piσc
[
Ins+2(η)−
α
′
pi
(
ξeR +
ξeL
2
)
Ins+1(η)
]
− Γ(η)(ξeR− ξeL), (30)
dξeL
dη
= −3α
′
C
2piσc
[
Ins+2(η)−
α
′
pi
(
ξeR +
ξeL
2
)
Ins+1(η)
]
−
−Γ(η)(ξeL − ξeR)− Γsph
2
ξeL(η). (31)
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Figure 5: The evolution of the right electron asymmetry ξeR(η) for the contin-
uous spectrum (28) and ns = 3. All three curves for the different upper limits
in (29): k˜max = 10
−6, 10−7, 10−8 start from the initial value ξeR(η0) = 10
−10.
The integrals I(ns+2),(ns+1)(η) are the functions of lepton asymmetries ξeR, ξeL
through A(η) in Eq. (29), therefore these differential equations are strongly
non-linear.
In Fig. 5 we show the evolution of the right electron asymmetry ξeR(η)
found from the solution of the system (30), (31) for the initial asymmetries
ξeR(η0) = 10
−10, ξeL(η0) = 0 using the continuous helicity spectrum (28) for
ns = 3. From the beginning ξeR grows for any upper limit in the integral
(29). Comparing curves in that Fig.5 with the corresponding ones in Fig. 1
one finds a decrease of asymmetries (on ≈ two orders of magnitude) due to
the inverse cascade of modes, k˜max ≥ k˜ → 0, in the case of the continuous
spectrum Eq. (28) instead of the monochromatic one in Eq. (14). The
same inverse cascade provided by integration in (29) instead of δ-function
entering Eq. (14) leads to different profiles of the curve for k˜0 = 10
−6 in
Fig. 1 and the curve k˜max = 10
−6 in Fig. 5 having a sharp slope somewhere
at η > 1014. This is due to an accumulation of the hypermagnetic diffusion
effect that diminishes a growth of ξeR when we integrate in Eq. (29) over wave
numbers, 0 < k˜ < k˜max, contrary to the use of the δ - function, δ(k˜− k˜0), for
monochromatic spectrum. In such case Higgs decays lead to a sharp decrease
of ξeR while just before EWPT at η ≈ ηEW their contribution vanishes as
Γ(η) → 0 in Eq. (12). This leads to some growing tails seen in Fig.5.
Note that the hypermagnetic diffusion effect is efficient namely for a large
k˜max = 10
−6 there since the diffusion time ησ(k˜max) = σc/2k˜
2
max = 5 × 1013
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Figure 6: The evolution of the normalized hypermagnetic helicity h˜(η)/h˜(η0)
for the continuous spectrum (28) and ns = 3. All three curves for the different
upper limits k˜max in (29) are plotted using solutions of the non-linear differen-
tial Eqs. (30), (31) with the initial lepton asymmetry values ξeR(η0) = 10
−10,
ξeL(η0) = 0.
is even less than the initial conformal time in our scenario,ησ(k˜max) < η0 =
7× 1013, when Higgs (inverse) decays enter the equilibrium with the Hubble
expansion, Γ ∼ H . However, for larger scales of hypermagnetic field, e.g. for
0 < k˜ < k˜max = 10
−8, such diffusion time is beyond the full time interval
we consider here, ησ = σc/2k˜
2 ≥ σc/2k˜2max = 5 × 1017 > ηEW = 7 × 1015.
Therefore the corresponding profiles of ξeR(η) for larger scales Λ = k˜
−1 are
almost flat.
In Fig. 6 we show the evolution of the normalized helicity density (29) for
the continuous spectrum ns = 3. The exhaustion of the initial helicity density
h˜Y (η0) = (ns+2)(B˜
Y
0 )
2/[(ns+1)k˜max] due to hypermagnetic diffusion before
EWPT seen in given plot for large k˜max depends on a choice of k˜max. For
large hypermagnetic field scales Λ = k−1, or for k˜−1 ≥ (k˜max)−1 = 107 one
can expect the conservation of an initial helicity density, h˜Y (η) ≈ h˜Y (η0). We
estimate the corresponding critical helicity value as h˜Y (η0) = 1/16 for ns = 3
substituting the fixed initial energy density ρ˜BY (η0) = 10
−8. In dimensional
units this corresponds to hY (η0) = 3 × 1036 G2cm for hY = h˜Y T 3 at T =
T0 . Such value is much bigger than the galactic magnetic helicity density
hgal ≃ 1011 G2cm. However, the following magnetic helicity conservation
dh˜/dη = 0 leads to a strong decrease h = hEW (ηEW/η)
3 at η ≫ ηEW . Thus,
it could to be impossible to provide a seed galactic magnetic helicity without
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additional supply after EWPT, e.g. due to a matter motion (velocity fluxes)
we neglected here. Such approach is beyond the scope of the present work.
5 Discussion
The general strategy of all contemporary studies of primordial magnetic fields
(PMF) concerns a search for a self-consistent evolution of the three main char-
acteristics of magnetic fields: the correlation length Λ(η), the field strength
B(η) (or the energy density ρB = B
2/2) and the magnetic helicity density
h = V −1
∫
d3x(A ·B). While a phase transition provides some initial val-
ues of these characteristics, their following evolution leads to issues should
be compared with the observations, e.g. of the CMB fluctuations which are
sensitive to PMF of the order of a few nG.
Some new papers have recently appeared on the subject how the inter-
galactic magnetic fields originated from the cosmological phase transitions
(QCD or EWPT) evolve (see e.g. [27, 28]). In the present work we concern
a more earlier epoch before EWPT to estimate some initial parameters for
such studies. In particular, we estimated here the chiral anomaly parame-
ter ∆ξ = ∆µ/T = (µeR − µeL)/T arising in hypermagnetic fields just before
EWPT which then defines the chiral-magnetic effect for Maxwellian magnetic
field evolution [11, 25].
We studied the the self-consistent evolution of the hypermagnetic helicity
density h˜Y (η) and the lepton asymmetries ξeR(η) = µeR/T , ξeL(η) = µeL/T
in the symmetric phase before EWPT, η < ηEW , for the different initial right
electron asymmetry ξeR(η0) (=10
−10, or 10−4) that is a free parameter in the
chosen leptogenesis scenario. The left lepton asymmetry ξeL ≡ ξνeL was fixed
at the initial time η0 = M0/TRL = 7× 1013, ξeL(η0) = 0, when Higgs decays
enter equilibrium with the universe expansion at TRL ≃ 10 TeV and involve
following left lepton number evolution and a sphaleron influence its value
hence the BAU too. We find such influence should be negligible because
starting from zero at η0 the left lepton number LeL = (neL − ne¯L)/nγ ∼ ξeL
has not time to grow before EWPT remaining small, ξeL ≪ ξeR (compare
Figs.1, 2 ). Such behaviour of asymmetries was expected a long time ago
in [20] and stimulated then the choice of a leptogenesis scenario with a non-
zero primeval right electron asymmetry as a source of BAU generation in
hypermagnetic fields [7, 23]. The Abelian anomaly arising in such fields
leads to the lepton number violation and evolution of asymmetries ξeR, ξeL.
The saturation asymmetry level Ξ
(satur)
e = ξeR + ξeL/2 ≈ ξeR turns out
to be independent of the initial value ξeR(η0) in the case of monochromatic
helicity spectrum. For the more realistic continuous helicity spectrum such
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saturation level decreases about two orders of magnitude for comparable
k˜0 ∼ k˜max, compare Fig.1 and Figs.5. This happens again due to the inverse
cascade and an accumulation of the negative diffusion influence the growth
of ξeR running modes 0 < k˜ < k˜max in integrals Ins+2, Ins+1. It would be
interesting in future to check whether the observable BAU B ∼ 10−10 can
be produced in given scenario with hypermagnetic fields accounting for their
continuous helicity density spectrum instead of the monocromatic one.
There is a similarity between equations for the magnetic helicity evolution
in paper [11] and the hypermagnetic helicity one in our work and simulta-
neously there is a crucial difference of some issues. E.g. Eq. (13) in [11]
is similar to the first equation (18) in our work if we put ξeL ≪ ξeR (as
it is confirmed by our calculations) hence concelling sphaleron contribution.
Analogously Eq. (14) in [11] is similar to our Eq. (20). Therefore it is not
surprising that tracking solution in [11], ∆µ → ∆µtr, corresponds to the
saturation regime in our plots in Fig. 1. However, for the chirality flip after
EWPT the rate grows over time, Γf ∼ η2, due to the elastic electromag-
netic (Rutherford) cross-section σem ∼ α2/E2. This leads to the following
decay of lepton asymmetry and a more faster decrease of the magnetic he-
licity driven by this asymmetry. While the chirality flip before EWPT given
by the rate Γ = 2ΓRL/T in (2.12) is constant for η ≪ ηEW (as well as in
the work by Joyce and Shaposhnikov [26]) and even vanishes for η → ηEW .
Such behaviour weakens the role of chirality flips for hypermagnetic helic-
ity evolution comparing with it for magnetic field in Higgs phase while the
hypermagnetic diffusion remains as the main damping mechanism. Never-
theless, for a large-scale hypermagnetic field the decrease of helicity density
due to diffusion is unnoticeable (see in Figs. 4,6).
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Appendix: Total system of evolution equa-
tions for arbitrary helicity
For completeness we give here the more general system of evolution equa-
tions for the spectra of the helicity density h˜Y (k˜, η) and the energy density
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ρ˜BY (k˜, η) obeying the inequality ρ˜BY (k˜, η) ≥ k˜h˜Y (k˜, η)/2 [13]:
dh˜Y (k˜, η)
dη
= −2k˜
2
σc
h˜Y (k˜, η) +
(
4α
′
(ξeR + ξeL/2)
piσc
)
ρ˜BY (k˜, η),
dρ˜BY (k˜, η)
dη
= −2k˜
2
σc
ρ˜BY (k˜, η) +
(
α
′
(ξeR + ξeL/2)
piσc
)
k˜2h˜Y (k˜, η). (32)
For the particular case of the maximum helicity h˜Y (k˜, η) = 2ρ˜BY (k˜, η)/k˜ the
system (32) reads as the single equation Eq. (5). This system is completed by
the kinetic equations for asymmetries ξeR(η), ξeL(η) given by Eqs. (10), (11).
It would be interesting in future to follow from Eqs. (32) how the initial non-
helical field, h˜Y (k˜, η0) = 0, evolves in the presence of a non-zero initial energy
spectrum for which [dh˜Y (k˜, η)/dη]η=η0 = (4α
′
ξeR(η0)/piσc)ρ˜BY (k˜, η0) 6= 0.
Above in Eq.(5) we assumed a fully helical field from the beginning while
such assumption may be not the case ( see e.g., in [27], [28]).
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